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a b s t r a c t

Linear stability analysis is performed for a mathematical model of diffusion of gases from an encapsulated
microbubble. It is an Epstein–Plesset model modified to account for encapsulation elasticity and finite gas
permeability. Although bubbles, containing gases other than air, are considered, the final stable bubble, if
any, contains only air, and stability is achieved only when the surrounding medium is saturated or over-
saturated with air. In absence of encapsulation elasticity, only a neutral stability is achieved for zero sur-
face tension, the other solution being unstable. For an elastic encapsulation, different equilibrium
solutions are obtained depending on the saturation level and whether the surface tension is smaller or
higher than the elasticity. For an elastic encapsulation, elasticity can stabilize the bubble. However,
imposing a non-negativity condition on the effective surface tension (consisting of reference surface ten-
sion and the elastic stress) leads to an equilibrium radius which is only neutrally stable. If the encapsu-
lation can support a net compressive stress, it achieves actual stability. The linear stability results are
consistent with our recent numerical findings. Physical mechanisms for the stability or instability of var-
ious equilibriums are provided.

! 2009 Elsevier Inc. All rights reserved.

1. Introduction

Bubbles appear in many natural and industrial situations due to
sudden drop in ambient pressure. They critically affect a host of
phenomena – from pumps to propellers [1–3], from air–sea
exchange to sonar ranging, and from aeration to mixing [4]. Most
recently bubbles have found biomedical applications as drug deliv-
ery [5,6] and contrast enhancing [7,8] agents. Free air bubbles of
1-lm radius last in a suspension for around 30 ms [9]. Surface ten-
sion generates a higher pressure inside the bubble which drives the
gas to its eventual dissolution – it has been fully modeled in the
classic article by Epstein and Plesset [10]. Therefore, sustained
presence of very small bubbles is only possible in presence of an
encapsulation which holds the gas in. In the ocean, the encapsula-
tion is formed by naturally occurring organic substances. In man-
made applications, surface active molecules are purposefully intro-
duced for creating a stabilizing barrier at the interface. We have re-
cently been investigating microbubble based ultrasound contrast
agents [9,11–14]. These microbubbles are encapsulated by lipids
(SonoVue, Definity, and Sonazoid), proteins (human serum albu-
min for Optison), and surfactants (SonoRx, Imavist). Although free
bubble dynamics have been adequately modeled [10,15–18], there
were very few models of bubble encapsulation [19,20].

Recently, we developed a rigorous mathematical model of an
encapsulated microbubble incorporating explicitly the hindered
gas permeability through encapsulation [9] and its elasticity [14].
We used it to numerically investigate the dynamics of contrast
microbubbles. The model shows that encapsulation elasticity hin-
ders bubble dissolution, and when it overcomes the surface ten-
sion, one obtains a stable microbubble. This explains the long
shelf-life of commercial contrast microbubbles. We found that
although the mathematical model predicts several equilibrium
solutions, numerically only some of them are observed. In this
paper, we explain this observation by performing a stability anal-
ysis of our model.

We briefly describe the mathematical model for the growth and
dissolution of encapsulated microbubble, and report the governing
set of ordinary differential equations for the linear stability analy-
sis. We obtain the equilibrium bubble radius in a saturated and
oversaturated medium, and determine the stability of these equi-
librium solutions by a linear stability analysis. For the numerical
calculations, we use the properties of FDA approved commercial
contrast microbubble, Definity, which is an injectable lipid-encap-
sulated perfluoropropane microbubble.

2. Governing equations

We have previously described the model in detail [9,14]. Here
we provide a brief sketch for completeness. Steady diffusion of
gas is described by Laplace equation for the gas concentration
C. The bubble contains gas at a concentration Cg . For the
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encapsulation, we have developed an explicit model for gas perme-
ation – a linear flux hg ½Cw " CðRÞ%, where hg is the permeability
through the encapsulation, and Cw is the gas concentration at the
inside wall of the encapsulation. This in turn is related with Cg

by Ostwald coefficient Cw ¼ LgCg . Permeability hg embodies the
interaction between the gas molecules and the molecules of the
encapsulation. It might be thought to result from either a Fickian
diffusion (hg ' keg=d, k

e
g is the diffusivity of the gas through the

encapsulation and d the thickness of encapsulation) or an energy
barrier that a gas molecule has to overcome, the latter being pos-
sibly more appropriate for a monolayer [9,19,21,22]. The flux
through the encapsulation is matched by the diffusive flux in the
liquid at r ¼ R.

"kg
@C
@r

!!!!
R
¼ hg ½LgCg " CðRÞ%; ð1Þ

where kg is the diffusivity in the surrounding liquid. One obtains a
monopole solution for the Laplace equation:

CðrÞ ¼ R2ðLgCg " Cð1ÞÞ
r kg

hg
þ R

" # þ Cð1Þ: ð2Þ

The mass conservation relates the radius change with the sur-
face flux at r ¼ R to obtain

d
dt

4
3
pR3Cg

$ %
¼ 4pR2kg

@C
@r

!!!!
R
¼ "4pR2kg

ðLgCg " Cð1ÞÞ
kg
hg
þ R

" # : ð3Þ

For a bubble containing air ðg ¼ AÞ, we obtain

dðR3CAÞ
dt

¼ 3RkALA
f patm

RGT
" CA

" #

kA
hAR

þ 1
" # : ð4Þ

We use CAð1Þ ¼ fLApatm=RGT , with f deciding whether the liquid
is saturated (f ¼ 1), undersaturated (f < 1) or oversaturated (f > 1)
with air at the atmospheric pressure patm. RG is the universal gas
constant.

The pressure inside the bubble is larger than the outside atmo-
spheric pressure by the Laplace pressure:

pg ¼ pA ¼ CARGT ¼ patm þ 2cðRÞ
R

: ð5Þ

For a Newtonian interfacial rheology, surface tension is con-
stant, cðRÞ ¼ c0 as was the case considered by Epstein and Plesset
[10]. For an elastic encapsulation, the encapsulation develops a
stress on its surface as a result of fractional change in its area. It
is equivalent to introducing a varying surface tension with surface
elasticity Es ¼ dc=ðdA=A0Þ:

cðRÞ ¼
c0 þ Es R

R0

" #2
" 1

& '
; for c0 þ Es R

R0

" #2
" 1

& '
> 0;

0; for c0 þ Es R
R0

" #2
" 1

& '
6 0:

8
>>><

>>>:
ð6Þ

where we have imposed a restriction cðRÞ P 0. Note that we as-
sume the initial radius Rðt ¼ 0Þ ¼ R0 to be the stress-free state.
The second term in the first condition of (6) is an elasticity term,
in that it gives rise to a compressive interfacial stress for R < R0

and a tensile one for R > R0. Note that, one might choose not to en-
force non-negativity on the effective surface tension cðRÞ – the sur-
face tension c0 and interfacial elasticity Es can be introduced
independently as material parameters. In that case, the first expres-
sion in (6) will suffice to describe the effective interfacial stress for
the entire range. The non-negativity condition explicitly imposed in
the second part of Eq. (6) prevents development of a net compres-
sive stress on the encapsulation. A compressive stress would induce

Euler buckling type behavior of the encapsulation. In reality, the
encapsulating membrane would be endowed with a non-zero bend-
ing modulus which would govern the bending behavior. However,
for the present purpose where a spherical symmetry is imposed,
the model effectively assumes that the bending rigidity is sufficient
to avoid buckling [23].

We non-dimensionalize various variables:

c
_

0 ¼ 2c0
patmR0

; E
_

s ¼ 2Es

patmR0
; R

_

¼ R
R0

; aA ¼ kA
hAR0

;

A ¼ R
_
3 CARGT

Patm
; s ¼ kF

R2
0

t; c
_
¼ c

_

0 þ E
_
sðR

_
2 " 1Þ;

and obtain for Eqs. (4) and (5):

dA
ds ¼ "3bLAðA" fR

_
3Þ

R
_

ðaA þ R
_

Þ
; ð7Þ

A ¼
R
_
3 þ c

_

0R
_
2 þ E

_
sR
_

2ðR
_

2 " 1Þ; for c
_
> 0;

R
_
3; for c

_
¼ 0:

8
<

: ð8Þ

One can differentiate (8) and using (7) and (8), we obtain an
equation for R

_

ðsÞ:

d R
_

ds ¼

"3LA R
_
ð1"f Þþc

_
0þE

_
sðR

_
2"1Þ

( )

ðaAþR
_
Þ 3R

_
3þ2c

_
0 R
_
2þ2E

_
s R
_

4
* + ; for c

_
> 0;

"LAð1"f Þ

ðaAþR
_
Þ
; for c

_
¼ 0:

8
>><

>>:
ð9Þ

The inelastic case (Newtonian interfacial rheology with constant

surface tension) can be obtained for E
_
s ¼ 0. Note that undersatura-

tion (f < 1) and positive effective surface tension ðc
_

0 þ E
_
sðR

_
2 " 1Þ

> 0Þ make d R
_

=dt negative, leading to bubble dissolution. Undersat-
uration allows more gas to go into solution. On the other hand f > 1
leads to an opposite effect favoring gas flow into the bubble from
the liquid tending to increase the bubble size.

3. Equilibrium solutions and their stability

For a set of ordinary differential equations (ODE),

dx
dt

¼ GðxÞ; ð10Þ

with equilibrium solution xeqb ðGðxeqbÞ ¼ 0Þ, the stability is deter-
mined by the eigenvalues kk’s of the Jacobian Jjxeqb ¼ @G=@xjxeqb , in
that a small perturbation dx evolves as dx )

P
kwkxkekkt (wk’s are

scalars). xk’s are the corresponding eigenvectors. If the real part of
all eigenvalues is negative, equilibrium solution xeqb is stable, and
otherwise it is unstable. For a single ODE as in Eq. (9) stability of
equilibrium solution ðxeqbÞ requires @G=@xjxeqb to be negative. We ob-
tain the equilibrium solution for the bubble radius from (9) by
equating the left hand side to zero. We find two equilibriums for
inelastic interface ðE

_
s ¼ 0Þ, and four other for elastic interface, to

be studied below.

3.1. Inelastic cases

Solution 1: For zero interfacial tension ðc
_

0 ¼ 0Þ and saturated
medium ðf ¼ 1Þ, d R

_

ds is zero for any bubble radius. It relates to
pg ¼ pA ¼ patm. Therefore it is a neutral equilibrium, as was seen
by our numerical exploration [9]; one obtains a long time stable
bubble equilibrium which depends on the initial bubble radius.
The pressure equilibrium being independent of the radius indicates
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that changing radius does not affect the stability which explains
the neutral stability of the equilibrium.

Solution 2:

R
_

eqb ¼
c
_

0

ðf " 1Þ
for f > 1 ð11Þ

It is unstable as

@G

@ R
_

!!!!!
Reqb

¼
3LAðf " 1Þ

ðaA þ R
_

eqbÞð3R
_

eqb þ 2c
_

0Þ
> 0: ð12Þ

Indeed, we found unconstrained bubble growth for an oversat-
urated case in Ref. [9]. One can understand the unstable nature of
the equilibrium by examining the Eq. (5) with a constant surface
tension c ¼ c0. If the radius is increased by a small amount from
its equilibrium value, the surface tension term 2c0=R becomes
smaller. Therefore, the inside pressure and thereby the inside gas
concentration is decreased facilitating diffusion of gas into the
bubble which further increases the bubble radius. On the other
hand, if the radius is decreased by a small amount from the equi-
librium, the concentration inside increases leading to an outward
diffusion of gas from the bubble and causes further shrinking.
The phenomenon is explained in Fig. 1a.

3.2. Elastic cases

Solution 3:

R
_

eqb ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1" c
_

0

E
_

s

 !vuut for f ¼ 1 and E
_

s > c
_

0; ð13Þ

This equilibrium solution corresponds to effective surface ten-
sion (6) being zero. The equilibrium radius Reqb is less than the
stress-free radius R0 which results in an elastic compressive stress
that balances the tensile stress due to c0. When the non-negativity

is introduced on surface tension in (6), the discontinuous surface
tension makes @G=@xjxeqb at the equilibrium point discontinuous.
We determine it from both sides of the discontinuity:

@G

@ R
_

!!!!!
Rþeqb

¼
"6LAEsR

_

eqb

ðaA þ R
_

eqbÞ 3R
_

eqb þ 2 E
_

s " c
_

0

$ %& ' < 0; ð14Þ

@G

@ R
_

!!!!!
R"eqb

¼ 0: ð15Þ

Therefore, for cases where surface tension is not forced to be
negative, relation (14) is applicable from both above and below
Reqb, making it a stable equilibrium. For surface tension given with
two different expressions (6), the equilibrium point is stable as the
bubble size is diminishing. However, after the bubble reaches zero
surface tension, it reverts to solution 1 upon further decrease of
bubble radius, i.e. it reaches neutral stability. As has been noted
above, the non-negativity condition is not essential. The encapsu-
lation, when it reaches a maximum packing can sustain compres-
sive stress upon further decrease in radius. It is also interesting
to note that in view of the above, imposing non-negativity on sur-
face tension does not lead to a stable radius in an air-saturated
medium. However, allowing the encapsulation to sustain net com-
pressive stress makes the equilibrium radius stable. The stability
can be understood by again investigating pressure equilibrium
(5) under the condition of a slightly deformed bubble (also shown
in Fig. 1b). If the bubble radius is increased from equilibrium, the
elastic stress would increase the effective surface tension cðRÞ.
The term 2cðRÞ=R would increase as the decreasing effect from
the denominator is of a higher order in the small change in radius.
Therefore, unlike the solution 2, here it would increase inside pres-
sure and concentration leading to expulsion of gas which brings
the radius back to the equilibrium. Similarly, when non-negativity
is not imposed (surface tension is given by only the first condition
in (6)), decreasing the bubble radius slightly from the equilibrium
would decrease 2cðRÞ=R, which results in an decreased inside pres-
sure and concentration leading to gas influx bringing again the ra-
dius back to equilibrium.

Solution 4:

R
_

eqb ¼ eþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e2 þ 1" c
_

0

E
_

s

 !vuut for f > 1 and E
_

s > c
_

0;

where e ¼ ðf " 1Þ

2E
_
s

ð16Þ

@G

@ R
_

!!!!!
Reqb

¼
"6LAE

_
sðR

_

eqb " eÞ

ðaA þ R
_

eqbÞ 3R
_

3
eqb þ 2 c

_
R
_
2
eqb þ 2E

_
sR
_
4
eqb

& ' < 0 as R
_

eqb > e

and c
_
> 0:

And therefore the equilibrium is stable for this oversaturated
case. Indeed, we obtained this solution numerically [14]. Note that

in this case, both of the conditions E
_

s > c
_

0 (making the solution 3
stable) and oversaturation f > 1 are stabilizing, and therefore
stability is expected. The reasoning is similar to the one given for
solution 3.

Solutions 5 and 6: With f > 1, but E
_
s < c

_

0 and e2 P 1" c
_
0

E
_
s

" #
,

e ¼ ðf"1Þ

2E
_
s
,

R
_

eqb1 ¼ eþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e2 þ 1" c
_

0

E
_
s

 !vuut ; ð17Þ

Cg Cg

Cg Cg

(a)

(b)
Fig. 1. Mechanisms for unstable equilibrium for an inelastic encapsulation (a) and
stable equilibrium for an elastic encapsulation (b). In (a) increasing or decreasing
radius (green dashed line) from the equilibrium (brown solid line) leads to gas
movement (radial arrows) to further drive it away from the equilibrium.
Corresponding increase or decrease of inside gas concentration Cg causes the gas
flux. Opposite happens in (b). (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)
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R
_

eqb2 ¼ e"

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e2 þ 1" c
_

0

E
_

s

 !vuut ; ð18Þ

@G

@ R
_ ¼ "6LAE

_
sðR

_

"eÞ

ðaA þ R
_

Þ 3 R
_

þ2ðc
_

0 " E
_

sÞ þ 4E
_

sR
_
2

& '
< 0; for R

_
1
eqb;

> 0; for R
_
2
eqb:

Therefore, only one equilibrium solution R
_

1
eqb is stable and it is the

one numerically seen in the oversaturated case with c
_

0 > E
_
s [14].

4. Effects of multiple gases

To ensure long shelf-life, second generation contrast microbub-
bles are filled with perfluorocarbon gas (also known as osmotic
agent) due to its lower diffusivity and solubility compared to air.
Upon introduction in blood or water, dissolved air diffuses into
the bubble and makes the bubble a multi-component system –
air (A) and an osmotic agent (F). We obtain following conservation
equation for F from (3):

dðR3CFÞ
dt

¼ "3RkF
LFCF

kF
hFR

þ 1
" # ; ð19Þ

where we use CFð1Þ ¼ 0. Using non-dimensional variables.

F ¼ R
_

3 CFRGT
patm

; b ¼ kA
kF

and aF ¼
kF

hFR0
;

the non-dimensional form of (19) and (4) reduces to:

dF
ds ¼ "3LFF

R
_

ðaF þ R
_

Þ
; ð20Þ

dA
ds ¼ "3bLAðA" fR

_
3Þ

R
_

ðaA þ R
_

Þ
: ð21Þ

The pressure balance equation at the gas liquid interface of the
bubble becomes:

pg ¼ pA þ pF ¼ ðCA þ CFÞRGT ¼ patm þ 2cðRÞ
R

; ð22Þ

which upon non-dimensionalization gives:

Aþ F ¼
R
_
3 þ c

_
R
_
2; for c

_
> 0

R
_
3; for c

_
¼ 0

8
<

: ; ð23Þ

using surface tension expression (6). Differentiating (23) and using
(21) and (20), we replace the equation of F by

d R
_

ds ¼

"3
ð3R

_
3þ2 c

_
R
_
2þ2E

_
s R
_

4Þ

bLAðA"fR
_

3Þ

ðaAþR
_
Þ

þ LFfR
_
3þc

_
R
_
2"Ag

ðaFþR
_
Þ

& '
; for c > 0;

"3
ð3R

_
3þ2E

_
s R
_
4Þ

bLAðA"fR
_

3Þ

ðaAþR
_
Þ

þ LFfR
_
3"Ag

ðaFþR
_
Þ

& '
; for c ¼ 0:

8
>>><

>>>:

ð24Þ

From (20), we note that at equilibrium, perfluorocarbon com-
pletely diffuses out of the bubble ðF ¼ 0Þ and two-gas pressure bal-
ance (23) reduces to the single-gas balance (8). The conservation
Eq. (21) for A gives the equilibrium solution for A

Aeqb ¼ fR
_

3
eqb;

and using it in (23) then shows that the equilibrium solutions for
the two-gas case are the same as those for a single gas (air) as in
Section 3 (Eqs. (11)–(18)). However, the stability of these equilib-
rium solutions might get affected by the introduction of a second

gas. Next, we investigate the two-gas case, governed by Eqs. (21)
and (24), from which we compute the Jacobian and its eigenvalues.
The expression for the Jacobian is provided in Appendix A. Unlike
for air bubbles, the algebra here is complicated and therefore analyt-
ical expressions for eigenvalues are provided only for the case (solu-
tion 1) of an inelastic encapsulation in a saturated medium. For all
other cases, eigenvalues are computed numerically using property
values representative of the Definity contrast microbubble, which
was also the case treated in our previous articles [13,14]. The prop-
erty values for Definity are listed here in Table 1. However, we also
study the effects of variation in the property values.

Solution 1: In this inelastic saturated (f = 1) case, we find

JjReqb ;Aeqb ¼

3fbLAðaF þR
_

eqbÞ"LFðaAþR
_

eqbÞg
R
_

ðaF þR
_

eqbÞðaAþR
_

eqbÞ
"fbLAðaF þR

_

eqbÞ"LFðaAþR
_

eqbÞg
R
_
3
eqbðaF þR

_

eqbÞðaAþR
_

eqbÞ

9bLAR
_

eqb

ðaAþR
_

eqbÞ
"3bLA

R
_

ðaAþR
_

eqbÞ

2

6666664

3

7777775

ð25Þ

Eigenvalues:

k1 ¼ 0 and k2 ¼ " 3LF

R
_

eqbðaF þ R
_

eqbÞ

The equilibrium solution corresponds to Aeqb ¼ R
_

3
eqb and pg ¼ pA ¼

patm. Note that for the corresponding case for an air bubble, we find
a zero growth rate, which corresponds to the zero eigenvalue here.
Indeed the result was found in our numerical study in [9] (note that
the corresponding Fig. 8 in [9] has the surface tension labels errone-
ously reversed).

Solution 2: For this oversaturated (f > 1) case and the cases be-
low, we use the Definity properties (Table 1). We find the eigen-
values to be k1 ¼ 1:522* 10"4 and k2 ¼ "3:2* 10"6, therefore
rendering it unstable; introduction of the second gas does not
change stability of the equilibrium solution, as was also seen in
numerical solution [14]. In Figs. 2 and 3, we find that changing
the property values of the second gas such as permeability (non-
dimensionalized as aF) and Ostwald coefficient LF does not change
the positive eigenvalues k1, but affects the other one. One can then
conclude that the positive eigenvalue is dominated by the air prop-
erties, which in the single gas case, we see, also leads to a positive
growth rate. On the other hand, in Fig. 4, changing air permeability
hA affects the positive eigenvalue, but leaves the other unaltered.
Changing initial radius (Fig. 5) changes both eigenvalues, however
once again preserving the overall instability of the equilibrium. We
also note in Fig. 2 that the negative eigenvalue k2 approaches zero
for very high aF , i.e. for very low permeability, the gas cannot go in
or out of the bubble and therefore, does not affect the dynamics.
Similarly in Fig. 3, for very low solubility of the second gas, we find
k2 ! 0.

Solution 3: For this equilibrium solution in a saturated medium,
we note that the Jacobian (Eqs. (14) and (15)) is discontinuous be-
cause of the non-negative condition on the surface tension. For the

Table 1
Physical properties used in simulations.

Initial bubble radius (R0) 1.25 * 10"6 (m)
Atmospheric pressure (patm) 101325 Pa
Coefficient of diffusivity of air in water (kA) 2.05 * 10"9 m2 s"1

Coefficient of diffusivity of C3F8 in water (kF) 7.45 * 10"10 m2 s"1

Surface tension (c0) 0.025 N/m
Ostwald coefficient of C3F8 (LF) 5.2 * 10"4

Ostwald coefficient of air (LA) 1.71 * 10"2

Permeability of air through the encapsulation (hA) 2.857 * 10"5 m s"1

Permeability of C3F8 through the encapsulation (hF) 1.2 * 10"6 m s"1
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two-gas case, the same condition persists. With Es = 0.04 N/m, we
find

R
_

eqb ¼ 0:6124; Aeqb ¼ 0:2296;

kþ1 ¼ "5:1* 10"6 and kþ2 ¼ "8:145* 10"4

k"1 ¼ 0 and k"2 ¼ "1:9* 10"3

Similar to the single gas case, if the non-negative condition is
not imposed, the same expression of surface tension holds above
and below the equilibrium point and therefore, eigenvalues (indi-
cated by the + superscript) being real and negative indicate linear
stability for this solution. Therefore, in this saturated liquid, one
obtains a stable microbubble. However, when the dual expressions
(6) for surface tension are imposed, one obtains stability only for
positive perturbations, and for negative perturbations the solution
is again neutrally stable. Effects of variation in properties are sim-
ilar to solution 2, and are not shown here.

Solution 4, 5 and 6: Table 2 reports the results for these equilibri-
ums in oversaturatedmedia. The specific values of saturation levels
and interfacial elasticity are also provided.Wenote that the solution
4 corresponds to stabilizing influence of interfacial elasticity com-
pensating for destabilizing surface tension and is shown to be stable
for the single gas case. It remains stable with both eigenvalues neg-
ative for the two-gas case. For surface tension more than elasticity
(we choose 0.01 N/m for the latter, see Table 2), oversaturation is
the stabilizing influence. It gives rise to two solutions 5 and 6. As
with the single gas case, the solution 5 is stable, and the solution 6
is unstable. Like other cases, variation in property values does not
change the overall stability of the solutions.

5. Summary and discussion

We investigate the linear stability of a mathematical model of
gas transport from an encapsulated bubble which explicitly

LF
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Fig. 3. Variation of eigenvalues with LF for a perfluorocarbon bubble for solution 2.
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Table 2
Stability of solutions 4–6.

Equilibrium
solution

f Es (N/m) R
_

eqb
k1 k2

4 1.5 0.04 1.1249 "3:7* 10"6 "3:64* 10"4

5 1.4 0.01 1.5893 "2:62* 10"6 "3:57* 10"5

6 1.4 0.01 0.9438 6:38* 10"5 "4:43* 10"6
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Fig. 2. Variation of eigenvalues with aF for a perfluorocarbon bubble for solution 2.
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accounts for hindered permeability through the encapsulation and
encapsulation elasticity. We consider an air bubble as well as bub-
bles which contain air and a second gas. The equation predicts sev-
eral equilibriums for different conditions. When we impose non-
negativity on effective surface tension (consisting of reference sur-
face tension and the elastic stress in the encapsulation) bubbles
can only be stable in case of saturated or oversaturated liquid.
An inelastic encapsulation leads to neutral stability when surface
tension is zero. An elastic encapsulation can stabilize the bubble
against dissolution driven by surface tension. However, in an air-
saturated medium, it can only reach a neutrally stable radius. At
this radius the effective surface tension is zero, and as the radius
is further reduced, it still remains zero, and therefore reaches a
new equilibrium. One notes that this could lead to a continual de-
crease of the radius by fluctuation. On the other hand, treating the
encapsulation elasticity to be an independent property and allow-
ing the encapsulation to experience a net compressive stress (neg-
ative effective surface tension) achieves a stable radius. We provide
physical mechanisms underlying the stability or instability of dif-
ferent equilibrium radii. The stability of the solutions is not af-
fected by the second gas, in that one of the eigenvalues retains
the same sign as that of the air bubble case. We find that the sec-
ond eigenvalue depends on the properties of the second gas. Both
eigenvalues vary with radius of the bubble. The linear stability re-
sults are in conformity with previous numerical solution.
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Appendix A

The Jacobian obtained for linear stability analysis and for the
positive perturbations (c > 0) is comprised of following four
elements.
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s R
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For negative perturbations (c = 0), the elements of first row of
the Jacobian get changed as the transient equation for bubble ra-
dius takes the different form.
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