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Drops driven toward each other by shear at finite inertia follow two distinct types of trajectories.
Type I trajectory is similar to the one in Stokes flow where drops slide past each other. However, at
finite inertia, drops display a new type II trajectory, where they reverse their paths. Increasing
viscosity ratio results in a transition from type II to type I trajectory. The transition is caused by
decreased drop deformation and increased alignment with the flow at higher drop viscosity; both
decrease the zone of reversed streamlines that accompanies a drop at finite inertia. The transition is
delineated in a phase diagram of Reynolds number and viscosity ratio for different capillary
numbers. The critical viscosity ratio, where a type II transitions into type I, increases with Reynolds
number except at higher capillary numbers, where the critical viscosity ratio shows a slight
nonmonotonic variation with Reynolds number. Also, it is nonmonotonic with capillary numbers in
that for a fixed Reynolds number, the critical viscosity ratio first increases with increasing capillary
number and then decreases. Similar to the Stokes regime, increased viscosity ratio leads to a
decreased postcollision cross-stream separation effectively decreasing the shear induced diffusion.
Higher viscosity ratio results in an increased separation between drops during encounter, which
results in a smaller interaction time. With drops placed initially at different shear planes, drops come
under the influence of the reversed flow zone around a single drop that broadens off the central shear
plane. Consequently, the trajectory changes from type I to type II as the offset in the vorticity
direction increases. The change depends on the initial offset in the shear direction as well. The final
displacement in the shear direction varies linearly with the initial offset. The net relative
displacement in the shear direction shows a gradual decrease with increasing offset. The net relative
displacement in the vorticity direction with increasing offset first increases from a zero value when
drops are placed at the same shear plane to a maximum and then decreases. For certain cases, it
reaches a negative value. © 2009 American Institute of Physics. �doi:10.1063/1.3253351�

I. INTRODUCTION

The interactions between particles or drops dictate the
overall behavior of a nondilute suspension or emulsion. Pair-
wise interactions completely determine the rheology to
O�c2�, where c is the concentration of the dispersed phase.1

For dense suspensions, where multiparticle interactions be-
come important, pair interaction is still the fundamental
building block—high fidelity expressions of pairwise mobil-
ity and resistance functions2,3 between spheres at varying
separation are critical to Stokesian dynamics code for sus-
pensions of rigid spheres.4–6 Stokesian dynamics for rigid
suspensions and boundary element methods for emulsions
have been used very effectively in exploring the rheology at
the Stokes limit.5,7–13 In contrast, the effects of inertia on
suspensions and emulsions remain relatively unexplored. We
have recently performed a numerical investigation of pair-
wise interactions between deformable drops in shear at finite
inertia.14 It was restricted to viscosity matched systems and
for drops initially placed in the same shear plane. In this
paper, we study the effects of viscosity ratio and arbitrary
initial positioning of the drop pair in different shear planes.

Recent investigations by our group showed that small
amount of inertia can have significant effects on the behavior
of a single drop15–19 and, consequently, on the rheology of an
emulsion including changes in the sign of the first and sec-
ond normal stresses.20–22 Concurrently, other groups found
strong effects of inertia on flows around a freely rotating
particle—the closed streamlines seen in Stokes flow disap-
pear, giving rise to spiraling and reversed streamlines, lead-
ing to enhanced heat transfer at finite Peclet numbers.23–25

Consequently, a particle pair shows reversed and spiraling
trajectories and irreversible cross-stream migration in the
presence of inertia.26 In our recent study on drop pairs, we
found that the drops show two distinct types of trajectory—
drops passing each other similar to those seen in Stokes flow
�type I� and drops reversing their trajectories upon coming
together �type II�. The latter one is caused by the reversed
streamlines around a single drop in shear.14 However, drop
deformability introduces further richness in behavior, in that
while at low and high capillary numbers drops traverse type
I trajectory, at intermediate capillary numbers, they follow
type II. The phenomenon was explained by noting that with
increasing capillary number, while increased drop deforma-
tion impedes sliding motion �favoring type II�, increaseda�Telephone: �302�-831-0149. Electronic mail: sarkar@udel.edu.

PHYSICS OF FLUIDS 21, 103303 �2009�

1070-6631/2009/21�10�/103303/9/$25.00 © 2009 American Institute of Physics21, 103303-1

http://dx.doi.org/10.1063/1.3253351
http://dx.doi.org/10.1063/1.3253351
http://dx.doi.org/10.1063/1.3253351
http://dx.doi.org/10.1063/1.3253351


drop alignment, flexibility and lesser interfacial stress favor
type I. We note that a recent study investigates the effects of
particle inertia �finite Stokes number�, albeit in a Stokes flow,
on the collision trajectory between drop pairs driven together
by a shear or a pure straining motion.27 However, due to the
lack of inertia in the underlying flow, drops traverse only
type I trajectory in shear.

In Stokes flow regime, drop dynamics is determined by
viscosity ratio � along with the capillary number.28,29 Drops
deform less at low capillary numbers due to interfacial ten-
sion forces dominating the viscous stretching and at high
viscosity ratios when a strong circulating flow inside im-
pedes stretching. The critical capillary number for breakup
tends to have a maximum around ��1, increasing both for
lower and higher viscosity ratios. Unlike in an extensional
flow, drop breakup in shear is not possible above a viscosity
ratio even for arbitrarily large shear rate. Apart from lesser
deformation, a drop aligns more with the flow at high vis-
cosity ratios. These phenomena in single drop dynamics an-
ticipate significant effects of viscosity ratio on pair dynam-
ics. Indeed, previous two and three dimensional boundary
element simulations of pairwise interactions between de-
forming drops demonstrate that viscosity ratio strongly af-
fects drop collisions and migration, resulting, for instance, in
decreased hydrodynamic diffusivity at increased viscosity
ratios.10–13

As for initial drop positioning, Loewenberg and Hinch,12

while computing drop migration and resultant self-
diffusivity, found them to be higher in the gradient direction
compared to the vorticity direction, illustrating the three di-
mensional nature of the interaction. Similar three dimen-
sional effects were also investigated for pair interactions be-
tween capsules enclosed by elastic neo-Hookean membrane
by Lac and Barthes-Biesel using boundary element
simulation.30 Following up their earlier study of capsules be-
ing in the same shear plane,31 in this work they found that an
offset in the vorticity direction results in the negative dis-
placement for capsules in contrast to the case of drops. For
rigid particle pairs, Kulkarni and Morris found spiraling tra-
jectories with nonzero offset in the vorticity direction at fi-
nite inertia.26

Viscosity ratio and three dimensional positioning are
shown below to generate an unusually rich spectrum of be-
haviors to merit careful consideration. Similar to our previ-
ous study, front tracking method is used for the simulation.
The mathematical formulation and its numerical implemen-
tation are described in Sec. II. We study the effect of viscos-
ity ratio and initial drop configuration in the vorticity direc-
tion in detail in Sec. III. In Sec. IV, we summarize the
present work.

II. GOVERNING EQUATIONS AND NUMERICAL
IMPLEMENTATIONS

We use front tracking finite difference method to simu-
late the motion and deformation of the drops. The method
has been described in detail previously16,18,32–35 and only a
brief sketch is provided here. The governing equations are

� · u = 0, �1�

���u�
�t

+ � · ��uu� = − �p + � · �� � u + �� � u�T�

− �
�B

dxB�n���x − xB� , �2�

where p is the pressure, � is the density, � is the viscosity,
and � is the interfacial tension. The density and viscosity are
uniform in each phase. �B is the surface of the drop consist-
ing of points xB. � is the local curvature and n is the outward
unit normal vector to �B. ��x−x�� is the three dimensional
Dirac-delta function. The interfacial tension force expressed
as a singular body force in Eq. �2� is distributed smoothly
around the interface using a mollified representation of the
delta function. The two phase drop-matrix system with dif-
ferent properties across the sharp interface is also trans-
formed into a single-fluid formulation using a smoothly
varying representation of the properties. The resultant equa-
tion is solved on a uniform staggered grid using a fractional
time-stepping finite difference method. The front interface is
discretized using triangular elements. The discretized front is
used for determining the properties and the surface force.
The drop motion is described by moving the front nodes
by the locally interpolated velocities. An adaptive front
regridding scheme is used to prevent excessive distortion
of the front elements. The explicit scheme suffers from
the restriction on time steps at low Reynolds number
��t�0.25��x�2� /��. To overcome this restriction, we treat
some of the diffusive terms implicitly in alternate spatial
direction �ADI�. The ADI scheme reduces the time step by
one order of magnitude.18 We also adhere to other criteria
�t�2.0� / ��Umax

2 � and �t��x /Umax at high Reynolds num-
bers to ensure overall convergence of our simulation.

Two equal-size spherical drops with undeformed radius
a are placed symmetrically in the computational domain.
�Note that a change in the frame would result in symmetric
configuration for drops not placed symmetrically.14� A peri-
odic boundary condition is imposed in the flow �x� and the
vorticity �z� directions. The top and the bottom walls of the
domain move in the opposite directions with velocity U and
−U, respectively, resulting in a simple shear �with rate 	̇ in
the y-direction�. We use a domain size of 30a
10a
5a for
cases when both drops are in the same shear plane with a
discretization level of 288
96
48. For cases with drops
initially separated in the vorticity direction, a domain size
of 30a
10a
10a is used with discretization level of
288
96
96. In our previous article, grid convergence and
the domain size dependence have been carefully investigated
for drops in the same vorticity plane to show that the domain
sizes in the flow and the gradient directions are sufficient.14

Note that confinement in the gradient direction has been
shown to lead to reversed trajectories even in a Stokes flow.36

We found that for the range of Reynolds number considered
here, the flow is not altered when the domain size is further
increased, but a smaller domain size leads to a change in the
trajectory type. Below, we investigate domain-size depen-
dence for drops with an initial offset in the vorticity
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direction. Figure 1 shows a three dimensional view of the
computational flow domain. We use the radius of unde-
formed drop a as the length scale and the inverse shear rate
	̇−1 as the time scale to define various dimensionless param-
eters for the problem: Reynolds number Re=�m	̇a2 /�m, cap-
illary number Ca=�m	̇a /�, viscosity ratio �=�d /�m, den-
sity ratio ��=�d /�m �=1 here�, and initial configuration
parameters �x0 /a, �y0 /a, and �z0 /a. Subscripts m and d
stands for matrix and drops, respectively.

III. RESULTS AND DISCUSSIONS

In our previous paper,14 our simulation was compared to
the experimental observations by Guido and Simeone37 of
binary collision between polydimethylsiloxane drops in
polyisobutylene matrix at vanishing Reynolds numbers for
�=1.4. The simulation showed excellent match for the evo-
lution of deformation, inclination angle, angle of the line
joining the drops, and their relative trajectory. In that paper,
we studied the effects of inertia, capillary number variations,
as well as �x0 /a and �y0 /a variations. We found that the
drops change their trajectory at finite inertia. In Stokes flow,
drops press against each other in the compressional quadrant,
rotate together as a doublet, and then peel away from each
other in the extensional quadrant. Unlike rigid spheres, drops
show a net irreversible postcollision increase in the lateral
�shear direction� separation due to the asymmetry in the ap-
proach and separation phases of the interaction.11,12 With in-
creasing inertia, we saw that the drops undergo a change in
trajectory from this type I to a reversed type �type II�. Here,
we concentrate on the effects of viscosity ratio and �z0 /a
variations on these two trajectories. Note that we use Taylor
deformation measure D= �L−B� / �L+B�, where L and B are
the maximum and the minimum distances of the drop inter-
face from the center.38 Because the problem involves many
defining parameters, in the interest of brevity, we use a set of
reference values for some of the parameters: unless stated
otherwise explicitly, we keep �x0 /a=2.5, �y0 /a=0.25,
�z0 /a=0, Ca=0.2, and Re=2.

A. Effects of viscosity ratio �

In Fig. 2, we investigate the evolution of deformation
�Fig. 2�a�� and inclination �Fig. 2�b�� for increasing viscosity
ratio. For higher viscosity ratio ���0.5�, we see drop defor-
mation characteristic of type I trajectory with two peaks, the
first one corresponding to drops pressed in their compres-
sional quadrant and the second, when they peel away in the
extensional quadrant.14 However, for lower �, we see type II
trajectories without any distinctive peak. Figure 3 clearly
shows a type II trajectory for the lowest two values of vis-
cosity ratio and type I for the others. Type II trajectory re-
sults from the region of reversed streamlines that appears
near a drop14 in a shear flow at finite inertia �Fig. 4�. Each
drop coming into the reversed streamline zone induced by
the other is forced to traverse a reversed trajectory. For a
single drop in shear, increasing viscosity ratio results in pro-

x

y

z
O

∆x0/2

∆z0/2

∆y0/2

FIG. 1. Schematic layout of two drops in a shear flow showing the initial
positions of the drops and imposed shear in the y-direction.
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FIG. 2. Time history of �a� deformation and �b� orientation angle of the
drops at Re=2, Ca=0.2, �x0 /a=2.5, �y0 /a=0.25, and different �. The inset
in �a� plots the time to reach peak deformation for type I trajectory.
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gressive alignment of the drops with the flow direction;28 this
facilitates drops flowing past each other in a type I trajectory.
In Fig. 4, the flow around a single drop in shear at Ca=0.2
and Re=2 shows increased alignment of the deformed drop
axis with the flow as the viscosity ratio increases. A resultant
decrease in the size of the zone of reversed streamline further
aids the transition from type II to type I. Also note the
marked reduction in deformation with increasing viscosity
ratio, which also lessens the hindrance to drops passing by
each other in type I trajectory.

A closer observation of Fig. 2�a� reveals that the sudden
steep rise in deformation that marks the onset of drops’ align-
ment with each other in the compressional quadrant starts at
later times for higher viscosity ratios, which can be ascribed
to a slower response of high viscosity drops. Figure 2�b� also
shows that the first minimum in inclination angle accompa-
nying the onset of drop alignment occurs later at higher vis-
cosity ratio. Also note �in the inset of Fig. 3� that higher
viscosity ratio drops separate earlier in the gradient direction,
whereas for lower viscosity ratios, drops move closer in the
flow direction before they separate in the gradient direction.
Separation in the gradient direction delays the onset of close
interaction at higher �. However, this separation also in-
creases drop’s relative velocity, which quickens the relative
drop motion for higher viscosity ratios. Indeed, for cases
undergoing type I trajectory, the time to reach the first maxi-
mum in deformation �when the drops are completely aligned
in the compressional quadrant� decreases with viscosity ratio
�inset in Fig. 2�a��. Later, when the drops are sliding over
each other, the deformation shows a minimum and then a
second maximum when they peel away in the extensional
quadrant. From the onset of deformation to the second mini-
mum defines the interaction cycle. Although the interaction
starts later, the interaction time is shorter for high viscosity
ratio cases because of the higher relative velocity mentioned
above.

For a single drop in shear, the drop deformation is maxi-
mum around ��1, reducing for both decreasing and increas-
ing viscosity ratios.28,39 We see a similar effect of viscosity
ratio on the deformation of the interacting drops �Fig. 2�a��.
The maximum deformation increases until ��2 with in-
creasing viscosity ratio. For �2, it decreases. Plotting de-
formation and inclination as functions of �x /a instead of t�
would show similar evolution for all parameters undergoing
the same type of trajectory �not shown here for brevity�.14

Figure 5 shows drop interactions at six time instants for three
different viscosity ratios �=0.1, 1.0, and 10. For the first
value, the drops traverse a type II trajectory, while for the
other two, a type I trajectory. We also note that for �=10,
drops peel away quicker. Also note that the film thickness at
the closest approach is higher at higher viscosity ratios as
was also seen by Loewenberg and Hinch12 for 2���8 and
Ca=O�1�.

For type I trajectories in Fig. 3, we note that postcolli-
sion drops experience a net cross-stream displacement in
contrast to the reversible rigid particle-pair trajectory in a
Stokes flow. This displacement results in the shear induced
diffusion. Because with increasing viscosity ratio, drops be-
have more like rigid particles, they show increasing tendency
to revert to their precollision streamlines, resulting in a re-
duced self-diffusion. Figures 6�a� and 6�b� show the evolu-
tion of streamwise and cross-stream separations between
drops. The streamwise separation �x /a increases steeply af-
ter collision for type I trajectory, whereas for type II trajec-
tory ��=0.1,0.25�, it becomes negative. With increasing vis-
cosity ratio, �x /a starts increasing earlier, giving rise to a

(c)

(b)

(a)

FIG. 4. Streamline plots at the central shear plane for a single drop at
Re=2 and Ca=0.20 for �a� �=0.1, �b� �=1.0, and �c� �=10.
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FIG. 3. Trajectories of the center of mass of the drops at Re=2, Ca=0.2,
�x0 /a=2.5, �y0 /a=0.25 for different �. D1 and D2 are the initial drop
centers. The inset shows the magnified view of the left drop’s trajectory at
the beginning of drop interaction.
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higher value. We already noted that the drops start their
cross-stream separation earlier with increasing viscosity ra-
tio, which increases their relative streamwise motion result-
ing in higher �x /a. However, after collision, more viscous
drops tend to revert back to their precollision streamlines.
Consequently, they experience smaller streamwise velocity,
and �x /a for high viscosity drops ultimately becomes
smaller than those for lower viscosity drops.

The cross-stream separation in Fig. 6�b� shows that the
final cross-stream offset decreases with increasing viscosity
ratio �shown also in the inset� for type I trajectory. However,
if one compares it with the Stokes flow case �Fig. 7 in Ref.
12�, one notes that the offset is larger at finite inertia, and its
decrease with viscosity ratio is not as sharp. In Fig. 7, cross-
stream separation for Re=0.1 further elucidates this. We see
only type I trajectory for all viscosity ratios �for the lowest
value �=0.1, we see a slight reversing trend initially but
finally a type I trajectory� at this reduced Reynolds number.
This demonstrates that whether there is a transition from one
type of trajectory to the other and the critical ���cr� for tran-
sition depends on the Reynolds number. As we noted previ-
ously, this transition also depends sensitively on the capillary
number and initial offsets.14

In Fig. 8, we explore the transition of trajectories in a
phase diagram in the Re-� space for �x0 /a=2.5, �y0 /a
=0.25, and �z0 /a=0. Using an extensive set of simulations,
we delineate the regions for the two types of trajectories
�Fig. 8�a� shows this for Ca=0.2�. We note that below Re
�0.4, drops experience type I trajectory for all � examined
���0.01�. Increasing Reynolds number increases the zone

of reversed streamlines and therefore increases the tendency
toward type II,14 as can be seen in this diagram. Finding
exact value of the critical viscosity ratio �cr that marks the
transition is difficult, as near the transition results might sen-
sitively depend on specifics of the numerical implementa-
tion. In Fig. 8�a�, we show the simulations used to demon-
strate the two different regions. We believe that it captures
the transition between the two types and roughly delineates
the critical viscosity ratio curve. �cr shows a slight nonmono-
tonicity with Reynolds number at this moderately large value
of capillary number �Ca=0.2� at the high Re end of the dia-
gram. The drop shapes at the same time instant for two Rey-
nolds numbers at the same viscosity ratio ��=0.45� in the
inset of Fig. 8�a� show that due to a slightly higher deforma-
tion, the drops at Re=6 �inset �ii�� traverse type I trajectory
with increased alignment with the flow, while at Re=5 �inset
�i��, they reverse their trajectories.

(a) λ = 0.1, (b) λ =1, (c) λ =10
Type II Trajectory Type I Trajectory Type I Trajectory

FIG. 5. Images of drops at t�=2, 4, 7, 9, 11, and 13 for Ca=0.2, Re=2,
�x0 /a=2.5, �y0 /a=0.25, and three viscosity ratios showing two types of
trajectories. Drop’s shape in the top box shows their projection in the y=0
plane at t�=2.
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FIG. 6. �a� �x /a with t� and �b� �y /a with �x /a for Ca=0.2, Re=2,
�x0 /a=2.5, �y0 /a=0.25 at various viscosity ratios. The arrow indicates the
initial position. The inset in �b� shows the variation in the final value of
�y /a with � for type I trajectory.
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In Fig. 8�b�, we show �cr as a function of Re for different
capillary numbers. Each curve is produced with progres-
sively refined simulations around the critical value of viscos-
ity ratio similar to what was shown in Fig. 8�a�. We notice
that the slight nonmonotonicity at high Re for Ca=0.2 is
absent for lower Ca values. It further substantiates the argu-
ment that the reduction at the high Re end �at Ca=0.2� is due
to increased alignment with the flow of a highly deformed
drop. In fact, at smaller capillary numbers, �cr increases lin-
early with Reynolds number at the high Re end. In Ref. 14,
we found a nonmonotonic variation with Ca for �=1—type I
trajectory for low and high Ca and type II for intermediate
Ca due to the competition between increased deformation
favoring type II and increased drop alignment favoring type
I. We see a similar behavior here in Fig. 8�b�—�cr curve for
Ca=0.05 is higher than both a lower Ca=0.025 and a higher
Ca=0.1 for Re4. Compared to Ref. 14, here a more com-
plete picture emerges, extending to cases of ��1.

B. Effects of initial separation �z0 /a

So far in this work and in our previous study,14 we re-
stricted to cases without any initial separation in the vorticity
direction, �z0 /a=0. Lac and Barthes-Biesel30 found that a
full three dimensional initial positioning with a nonzero off-
set in the vorticity direction gives rise to a negative displace-
ment for a pair of capsules in free shear. For rigid particle
pairs, Kulkarni and Morris found spiraling trajectories at fi-
nite inertia with �z0 /a�0.26 Here, we investigate the effect
of nonzero �z0 /a on drop interactions. For brevity, we re-
strict this study to viscosity matched system; simulation
showed that the effect of viscosity ratio for �z0 /a�0 re-
mains similar to the previous section—increasing viscosity
ratio favors a change from type II to type I trajectory. For the
same reason, we also restrict ourselves to the Re=2 case, but
note that for Re=0.1, we see type I trajectory for all �z0 /a
�not shown here�. We have investigated in detail the effects

of computational domain size in the x- and y-directions in
our previous study14 when both drops are in the same shear
plane. Figure 9 shows the effect of domain size in the
z-direction for both types of trajectory �type II in the inset�
with type I having two peaks in deformation and no discern-
ible peak for type II. For �z0 /a�0, expectedly one needs a
longer domain in the z-direction; 30a
10a
10a size suf-
fices for cases with �z0 /a�1.0.

We note from Fig. 9 that increasing �z0 /a changes tra-
jectory from type I to type II with other parameters un-
changed at finite inertia. In Fig. 10, we systematically vary
�z0 /a from zero to 2.0 and plot the relative trajectories
�x /a, �y /a, and �z /a between the drops. Comparison of
Figs. 3 and 6�b� shows that the relative trajectory closely
mirrors the trajectory of one of the drops; therefore, here we
show only the relative trajectory. Figure 10 shows that
�z0 /a�0.5 results in transition from type I �increasing �y /a
with time� to type II �decreasing �y /a with time� trajectory.
This can be explained by noticing the three dimensional flow
field around a single drop; we show two dimensional slices
of the flow field at different z-planes in Fig. 11. Note that the
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zones of reversed streamlines fore and aft of the drop appear-
ing at finite inertia approach each other closer to the central
x=0 plane for increasing z leading to a saddle point. Conse-
quently, the overlap of the other drop with the reversed zone
increases with increasing �z0 /a, resulting in a transition
from type I to type II. Note that a similar three dimensional
flow field at finite inertia is found around a free rigid sphere
in shear.23,24 However, for rigid particles, away from the
sphere in the z-direction, a zone of circular spiraling stream-
lines appears, which is absent in the case of a deformable
drop. Consequently, we do not see any spiraling trajectories
seen for a pair of rigid spheres.26 However, for cases with
very high �, which are closer to a solid sphere, we see spi-
raling streamlines �not shown here�.

In Figs. 12�a� and 12�b� we plot �y /a and �z /a to show
quantitatively how �z0 /a affects displacements in the gradi-
ent and vorticity directions. We notice that increasing �z0 /a
decreases �y /a because the interaction between drops de-
creases. The inset in Fig. 12�a� shows that the final value
varies almost linearly with �z0 /a for type I trajectory. In
contrast, type II trajectory ��z0 /a�1.0� is not affected much
by �z0 /a. The in-plane initial positioning ��z0 /a=0� results
in drops remaining in the same shear plane due to symmetry
�Fig. 12�b��. Increasing �z0 /a increases �z /a—i.e., drops
move further away from each other in the z-direction—for
type I trajectory. For type II trajectories �at �z0 /a�1.0�,
increasing �z0 /a decreases net z-excursion of the trajectory.

For very large �z0 /a, we expect the interaction to be too
weak to cause any further shift in the z-direction. Therefore,
a nonmonotonic behavior is expected. We also note that for
higher values of �z0 /a when drops experience a type II tra-
jectory, �zfinal /a becomes less than �z0 /a �Fig. 12�b��,
i.e., net displacement becomes negative. Lac and
Barthes-Biesel30 noted such a negative net displacement for
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capsule pairs in a Stokes flow. We plot �as was also done
in Ref. 30� net displacement �y /a= ��yfinal−�y0� /a and
�z /a= ��zfinal−�z0� /a as functions of �z0 /a for varying
�y0 /a. Figure 13�a� shows that �y0 /a=0.125 results in type
II trajectory for all �z0 /a, while for �y0 /a=0.25, one sees
type I trajectory for �z0 /a�0.8, and type II otherwise. Other
values of �y0 /a lead to type I for all �z0 /a. �y /a decreases
with increasing �z0 /a as noted before, but does not change
much with �y0 /a except when it causes a trajectory-type
change in conformity with what was observed in our previ-
ous study.14 For cases traversing type I trajectory, increasing
�y0 /a expectedly decreases �y /a. On the other hand, as we
anticipated above, �z /a in Fig. 13�b� shows a nonmonotonic
change with �z0 /a. With increasing initial z-offset, it first
increases from the zero value at the symmetry plane, but
later it reduces when large initial z-separation decreases the
interaction. In fact, for �y0 /a=1, we get a slightly negative

�z /a for a type I trajectory, as was also observed for a pair of
capsules.30 Note that Subramanian and Brady found a nega-
tive net displacement in vorticity and gradient directions for
a pair of rigid spheres in a shear when they accounted for
particle inertia �finite Stokes number� in an otherwise Stokes
flow.40 For lower value of �y0 /a, one gets type II trajectory
accompanied by a negative offset in both vorticity and gra-
dient directions.

IV. SUMMARY

Our previous investigation of pairwise interaction be-
tween drops at finite inertia is here extended to cases where
viscosity of the dispersed phase differs from that of the ma-
trix, and drops are initially placed in different shear planes.
Increasing viscosity ratio changes drop trajectory from type
II �reversed� at lower viscosity ratio to type I �passing�. This
can be explained as resulting from decreased drop deforma-
tion and increased drop alignment with the flow at higher
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viscosity ratios, both aiding drops to pass by in a type I
trajectory. We delineate the regions in the Re-� space corre-
sponding to the two types of trajectories for different capil-
lary numbers. The critical � shows a nonmonotonic trend—it
first increases with increasing Ca and then decreases. In-
creased viscosity ratio decreases the overall interaction time
between drops, as the drop separation and thereby relative
velocity between them increases. It also results in a de-
creased final cross-stream separation between drops, which
would lead to a reduced self-diffusivity.

Pair interactions between drops in two different shear
planes are affected by the three dimensional flow field
around a single drop in shear: the reversed flow domain ap-
proaches the x=0 plane away from the central x-y plane of
the drop. Therefore, drop trajectory transitions from type I to
type II as the z-offset increases. However, it also depends on
the y-offset—at higher �y0 /a, drops show only type I trajec-
tory. Increasing this offset results in a linear decrease in the
relative y-displacement for drops traversing type I trajectory.
However, it displays a nonmonotonic behavior for the net
relative displacement �z /a in the vorticity direction. With
increasing �z0 /a, it first increases being pushed by the other
drop and then decreases as their interaction decreases for
very large separation. For some parameter values, it produces
a negative final separation in the vorticity direction similar to
what was observed for capsule pairs in a Stokes flow.
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