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a b s t r a c t

Deformation of an Oldroyd B drop in a Newtonian matrix under steady shear is simulated using a front
tracking finite difference method for varying viscosity ratio. For drop viscosity lower than that of the
matrix, the long-time steady deformation behavior is similar to that of the viscosity matched system—the
drop shows reduced deformation with increasing Deborah number due to the increased inhibiting vis-
coelastic normal stress inside the drop. However for higher viscosity ratio systems, the drop response is
non-monotonic—the steady drop deformation first decreases with increasing Deborah number but above
a critical Deborah number, it increases with further increase in Deborah number, reaching higher than
the viscous case value for some viscosity ratios. We explain the increase in deformation with Deborah
number by noting that at higher viscosity ratios, strain rate inside the drop is reduced, thereby reducing
the inhibiting viscoelastic stress. Furthermore, similar to the viscosity matched system, the drop inclina-
tion angle increases with increasing Deborah number. A drop aligned more with the maximum stretching
axis at 45 degree of the imposed shear, experiences increased viscous stretching. With increased ratio
of polymeric viscosity to total drop viscosity, the drop deformation decreases and the inclination angle
increases. Our simulation results compare favorably with a number of experimental and computational
results from other researchers.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

Drop dynamics—deformation, interaction, breakup and
coalescence—play a pivotal role in the flow behavior of emul-
sions. Viscous drop dynamics has been extensively studied, dating
back to pioneering studies by Taylor [1,2] in the thirties (see reviews
[3], [4], [5]). In contrast, a systematic study in comparable detail
of viscoelastic emulsions (either phase being viscoelastic) has
only started recently both experimentally [6–8] and numerically
[9–16]. The delay can be ascribed to the difficulties—in performing
experiments with controlled viscous and elastic properties, in
determining appropriate constitutive models, and in obtaining
accurate stable simulations free of numerical problems. In fact
early experimental results led to contradictory conclusions as
to whether matrix viscoelasticity increases or decreases drop
deformation and critical capillary numbers for breakup, a situation
that persists till today [8,9]. We have recently performed detailed
numerical investigation [9,16,17] of viscosity matched systems
where one or both of the phases are modeled with Oldroyd B
constitutive equation in an effort to understand what a simple
viscoelastic constitutive model implies for the basic deformation
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and breakup dynamics of a drop in a simple shear. The simulation
results were compared, whenever possible, with experiments.
Here we investigate the effects of viscosity ratio (of the drop to that
of the continuous phase) on a deforming Oldroyd B liquid drop in
a Newtonian matrix (O/N).

A viscoelastic drop in a Newtonian matrix was found to expe-
rience a reduced steady deformation [11,15,16,18,19]. Gauthier,
Goldsmith and Mason [20] and more recently de Bruijn [21] and
Varanasi, Ryan and Strove [22] found the critical capillary num-
ber Cacr (Ca = �̇�ma/� ; �̇ is the shear rate, �m is the viscosity
of the matrix phase, a is the undeformed drop radius, and � the
interfacial tension) for breakup of viscoelastic drops in a Newto-
nian matrix to be higher than that in the corresponding Newtonian
case. Our numerical simulation has shown that Cacr increases with
Deborah number De, the variation being linear for small Deborah
numbers. The result can be explained as arising from first normal
stress inside the drop; a simple ordinary differential equation model
explains several features of the dynamics including the observed
scaling of deformation D ∼ DDe=0(1 − CaDe). For a viscous drop in an
Oldroyd B matrix (N/O) or when both phases are viscoelastic (O/O),
as mentioned before, there have been contradictory conclusions
from experimental and theoretical studies before, as to whether
matrix viscoelasticity increases or decreases the deformation and
the critical capillary number ([19,23–29]; see [9] for a descrip-
tion). Numerical simulation in two dimensions [15] and in three
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dimensions [9] showed that in an Oldroyd B matrix, deformation is
non-monotonic with De. We demonstrated that it can be traced to
the competition between progressive drop alignment with the flow
and increased localized stretching at the tip [9]. However, one has
to be careful while comparing such numerical simulations with a
particular constitutive law to experimental observations, as the law
might not be appropriate for the experimental system. On the other
hand, careful numerical simulations, with simple constitutive laws
such as the Oldroyd B model, play a critical role in developing an
insight about the effects of viscoelasticity.

In the Stokes flow regime, where drop dynamics has been inves-
tigated the most, the viscosity ratio �� along with capillary number
Ca completely determines the viscous drop dynamics [4]. Drops
remain bounded both at low capillary numbers where surface ten-
sion overpowers viscous stretching and at high viscosity ratios
where motion inside the drop approaches a rigid body motion hin-
dering stretching. The critical capillary number for breakup tends to
have a minimum around viscosity ratio �� ∼ 1 increasing both for
lower and higher viscosity ratios. In fact small deformation pertur-
bation results are available for both small Ca and high �� [4,30]. To
further emphasize the effects of high viscosity ratio, we note that in
a shear flow, a very viscous drop achieves a bounded shape even at
high capillary numbers unlike in extensional flows, where there is
a critical capillary number for all viscosity ratios [2]. The analytical
theory [31] for time-dependent evolution of drop deformation and
inclination was experimentally verified by Torza et al. [32]. They
also found the drop to undergo oscillations in both deformation
and inclination at high viscosity ratios.

Effects of viscosity ratio on viscoelastic systems have not been
studied in much detail. Tagvac studied the deformation and break-
up of viscoelastic drops in viscoelastic matrix at both high and low
viscosity ratios and concluded that the matrix phase may promote
or inhibit drop deformation depending upon the viscosity ratio [24].
Varanasi et al. showed that at a fixed shear rate there is a certain
value of viscosity ratio below which it is difficult to break a vis-
coelastic drop in comparison to a Newtonian drop, and beyond that
value viscoelastic drops are easier to break than their Newtonian
counterpart [22]. By using many pairs of Boger fluids, Mighri et al.
reported that the critical capillary number for viscoelastic drops
increases with increasing drop elasticity while it decreases with
increasing matrix viscoelasticity [26,27].

We use a front-tracking finite difference method described in
previous publications ([9,13,16,33,34]) for the current investiga-
tion. As with previous studies ([14], [35], [15,36], [18]) Oldroyd
B model is chosen as a simple constitutive model despite its
shortcomings. Recent numerical simulations [8,37] have incorpo-
rated a small Giessekus parameter to the Oldroyd B model used
by the same investigators previously, but the results were found
not to be affected by it. In view of this we prefer not to incor-
porate any additional parameter; the simulation results seem to
be free of the numerical difficulties within the range of Deborah
numbers studied. Section 2 describes the mathematical formula-
tion of the problem and its numerical implementation. The basic
non-dimensional parameters are discussed in Section 3. Section 4
presents convergence study and comparison with previous liter-
ature. Section 5 presents results and Section 6 offers concluding
remarks.

2. Mathematical formulation and numerical
implementation

The droplet matrix system is governed by the incompressible
momentum conservation equations:

∂(�u)
∂t

+ ∇ · (�uu) = ∇ · � −
∫

∂B

dxB	n�ı(x − xB), (1)

∇ · u = 0.

in the entire domain ˝ and the total stress tensor is given by:

� = −pI + Tp + T v, T v = �sD, (2)

where p is the pressure, �s the solvent viscosity and D = (�u) + (�u)T

the deformation rate tensor. Tp is the extra stress (or viscoelastic
stress) due to the presence of polymer. In equation (1) � is the
interfacial tension (constant), ∂B represents the surface of the drop
consisting of points xB, 	 the local curvature, n the outward nor-
mal, and ı(x − xB) is the three dimensional Dirac delta function.
The Oldroyd-B constitutive equation for Tp:

�
∂Tp

∂t
+ Tp = K(t), (3)

where

K(t) = �pD − �{u · ∇Tp − (∇u)Tp − Tp(∇u)T} (4)

�p is the polymeric viscosity, � is the relaxation time. The super-
script T represents transpose. The front tracking computational
method is discussed in details in [13] and [16]. The code has been
used to investigate a number of problems involving both viscous
[33,34,38–42] and viscoelastic [9,13,16,17] drops and their emul-
sions. The drop is described by a triangulated front distinct from
the regular Cartesian grid used to solve the flow field; the front
is adaptively regridded to prevent excessive distortion of the front
elements. The interfacial tension force and the spatial variation in
viscosity are smoothed across the front over four grid spaces; the
resulting problem is solved using an operator splitting/projection
method on a staggered grid. A novel automatic elastic viscous
stress splitting scheme is used for the upper convective Maxwell
derivative [16]. A multigrid method is used for the pressure Pois-
son equation, and an ADI method is used to alleviate the diffusion
restriction on the time step.

3. Problem setup

A spherical drop of radius a is placed in a computational domain.
The size of the domain is taken as Lx = 15a, Ly = 10a and Lz = 5a.
The upper and lower plates (y-direction domain boundaries) are
impulsively started (in the x-direction) with velocities U and −U,
respectively, at t = 0 (in Fig. 3a, simulation 2 is obtained with a fully
developed shear flow initial condition). a and �̇−1 have been used
as length and the time scales to define the various non dimensional
parameters for the problem where �̇ = 2U/Ly is the shear rate. The
dimensionless parameters are Reynolds number Re = �ma2�̇/�m

capillary number Ca = �ma�̇/� , Deborah number De = ��̇ , viscos-
ity ratio �� = �d/�m, density ratio �� = �d/�m and ˇ = �pd/�d—the
ratio of the polymeric to the total drop viscosity. Subscripts m and
d correspond to the matrix and the dispersed phase, respectively.
The total viscosity of the drop is given as �d = �sd + �pd, sum of
the solvent and polymeric viscosities. Simulations are performed at
Re = 0.1 representing a low Reynolds number case to neglect inertia.
We have chosen ˇ = 0.5 for all our computations, except where we
study the effect of ˇ variation. We use D = (L − B)/(L + B) following
Taylor as a measure for drop deformation. It is based on the obser-
vation that when the deformation is small to moderate, the drop
takes an ellipsoidal shape with L and B being the major and the
minor axes.

4. Convergence study and comparison with previous work

Computational convergence for the algorithm implemented to
simulate fluids with Oldroyd-B constitutive relation has been estab-
lished and discussed in detail in our previous studies [16] for
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Fig. 1. Convergence study of deformation D plotted against non-dimensional time t′

(= �̇t) with varying grid discretization for Re = 0.1, Ca = 0.3, De = 2.0 and �� = 5; Insets
show the error in D (at steady state) with resolution N, where N is the number of
grid points along the flow direction (X-axis). The error is computed with reference
to the D value at 240 × 160 × 80 resolution.

viscosity matched systems. Fig. 1 investigates it for a high vis-
cosity ratio system of �� = 5 at Ca = 0.2, De = 2.0 by varying the
discretization level from 90 × 60 × 30 to 240 × 160 × 80 showing
little variation in the steady state value of deformation parameter
Dsteady beyond a discretization of 144 × 96 × 48. In the inset we plot
the change in deformation parameter from D240 at discretization
240 × 160 × 80 with varying grid size; In the interest of achieving
a reasonable computational time, the 144 × 96 × 48 resolution is
chosen for most of computations which gives an error of around 3
percent.

In Fig. 2 we compare our simulation with experimental [32] and
analytical [5,31] results from the literature for �� > 1. At �� = 2 and
Ca = 0.1, our simulation matches well with the analytical result [31],

Fig. 2. Comparison with the literature. Evolution of D for Ca = 1.5, �� = 25 is com-
pared with Torza et al. [32], Rallison [30] and the same for Ca = 0.1 and �� = 2 with
Cox [31]. The inset compares our results of Dsteady with Taylor [1] and Cox [31].

with differences possibly due to the finite Reynolds number nature
of our simulation and the perturbative nature of the theoretical
results. Simulation also provides a reasonable match at �� = 25,
Ca = 1.5 with experiment and O(�−1) theory [30]. In the inset we
compare the steady value of deformation parameter (Dsteady) with
analytical results due to Taylor [1] and Cox [31]. Once again the
slight difference at Ca = 0.3 can be attributed to small deformation
assumption for the analysis by Cox. For �� = 5 Taylor’s asymptotic
limit for large viscosity ratio (Dsteady = 5/(4��)) used is very close to
our simulation.

Fig. 3a and b show a comparison of our simulation with the
deformation parameter reported by Verhulst et al. [8] and Uijtte-
waal and Nijhof [43]. The simulated result is in good agreement
with experiments and their VOF-CSF simulation (Fig. 5 in [8]) for
Ca = 0.32, �� = 1.5, ˇ = 0.32 and De = 2.29 (D̃e = ˇDe/��Ca = 1.54 for
the definition of Deborah number used in their paper, our definition
of De is same as that of their Weissenberg number). Following their
presentation, time is non-dimensionalized by Ca/�̇ (in all other
cases nondimensional time t�̇ is used). The difference in the tran-
sient part of deformation between their results and our simulation
(marked simulation 1) is due to finite inertia resulting in a delayed

Fig. 3. (a) Comparison of our simulations (1 & 2) with VOF simulation and experi-
ments from Verhulst et al. [8]. Simulation 1 is at Re = 0.1, and walls impulsively started
initially, as in all other simulations in the paper. Simulation 2 is at a lower Reynolds
number Re = 0.05, and an initial condition of fully developed shear. (b) Comparison
of our simulation with experiments by de Bruijn [21] and simulation (U and N) by
Uijttewaal and Nijhof [43].
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development of the shear flow. Indeed when a lower Reynolds
number Re = 0.05 along with fully developed shear as the initial con-
dition is used, our simulation (marked simulation 2) matches the
experimental observation extremely well. In Fig. 3b for Ca = 0.8 and
�� = 5, the simulated evolution of D follows the same trend as that of
the experiment of de Bruijn [21] and the boundary element Stokes
flow simulation of Uijttewaal and Nijhof [43]. Moreover our result
lies between that of de Bruijn [21] and Uijttewaal and Nijhof [43].
Further comparison for a high viscosity ratio �� = 10 is presented in
the next section (Fig. 6). The convergence study and the comparison
with experiments, analytical and other numerical results validate
our simulation tool for �� > 1.

5. Results and discussion

Aggarwal and Sarkar [16] and Yue et al. (in 2D) [15] found that
deformation of a viscoelastic drop in a Newtonian matrix decreases
in a steady shear flow as the Deborah number increases. For low
Deborah numbers, simulation by Aggarwal and Sarkar [16] com-
pared well with results from the ellipsoidal drop model given by
Maffetone and Greco [44] which predicts a decrease with increas-
ing elasticity. For higher values of De, Aggarwal and Sarkar [16] and
Mighri et al. [27] noticed a saturation of the effect of drop elas-
ticity, i.e. the steady state deformation parameter does not change
with increasing De beyond a particular value. Indeed a slight non-
monotonicity in deformation with Deborah number is observed
at the higher capillary number value of 0.3. However, the defor-
mation remains lower than the corresponding value of the purely
Newtonian case (N/N). We also note that the effect of drop viscoelas-
ticity is rather small on steady deformation parameter, especially at
small capillary numbers, where the deformation itself is small. The
large number of parameters (Ca, De, ��) involved in the problem
along with this consideration leads us to consider only the case
of Ca = 0.3, where the deformation is not too small, yet the drop
remains bounded. We note that experimentally it is not easy to
change De independent of the other parameters. Indeed, more often
the experimental results are presented for varying De/Ca, this being
a material parameter for a pair of fluids [45].

In Fig. 4 we plot the evolution of D with time for Ca = 0.3 and
�� = 5. At this high viscosity ratio increasing De initially decreases
the deformation, which reaches a minimum, and then increases.
When De is high enough, the final steady state value of deformation

Fig. 4. Time evolution of D for Ca = 0.3, �� = 5. Inset shows the same for �� = 2 with
capillary number remaining the same.

Fig. 5. Inclination angle of the drop’s major (L) axis with the flow direction for vari-
ous viscosity ratios at Ca = 0.3. Inset shows relative increase of inclination angle with
respect to its corresponding Newtonian value for the same cases.

settles to a value higher than that for the Newtonian case in contrast
to the viscosity matched case we considered in previous publication
[16]. We note that Zhou et al. [37] have also observed that drop
viscoelasticity can promote drop deformation in a converging pipe
depending on the capillary and Deborah numbers.

Drop viscoelasticity generates viscoelastic normal stresses along
the elliptical streamlines inside the drop which tends to reduce
deformation. However the drop experiences an overshoot initially
due to the lag in development of the viscoelastic stress [16]. We
see a similar overshoot for the high viscosity ratio system in Fig. 4.
In the inset, a lower viscosity ratio case, �� = 2, is considered for
otherwise identical conditions. We see that the transient is more
prominent for the higher viscosity ratio system. Yue et al. [36] in
their two-dimensional computation found that the onset of over-
shoot appears to be near De/Ca value of 5 for �� = 1. We find
it to occur at De/Ca ∼ 4 (not shown for brevity) for Ca = 0.3 and
�� = 1, but when the viscosity ratio is doubled, the ratio decreases
(an overshoot occurs for De = 1). We note that for very high vis-
cosity ratios (e.g. �� = 10), overshoot occurs even in a Newtonian
system (Figs. 2 and 3) for a very different reason. The drop oscil-
lates/wobbles before settling to a steady value which depends on
Ca. Torza et al. [32] observed that at a high viscosity ratio and zero
interfacial tension a drop tumbles indefinitely in a simple shear
flow, and small amounts of surface tension damped the tumbling
motion resulting in a steady value.

In Fig. 5, we plot the inclination angle ϕ of the drop with the
flow axis as a function of De for Ca = 0.3 and �� = 1, 2, 5. In a N/N
case, for �� ∼ 1, at small capillary numbers the drop aligns with the
extension axis at 45◦. As the viscosity ratio is increased, it progres-
sively tilts towards the flow direction, as also can be seen here. This
decreases viscous stretching inhibiting drop deformation. However,
on increasing drop viscoelasticity, Fig. 5 shows the drop to deviate
away from the flow direction aligning more with the extension axis.
In the inset, the inclination angle relative to its Newtonian (De = 0)
value shows that the effect of elasticity in deflecting the drop away
from the flow (toward the extensional axis) increases as the viscos-
ity of the drop is increased. Thus the increase in viscous stretching
relative to the Newtonian case will be more for �� = 5 than for
�� = 1. This explains the non-monotonicity in deformation parame-
ter in that while the viscoelastic normal stress hinders deformation,
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Fig. 6. Transient drop deformation D vs. t′ plotted for different De at Ca = 1.0 and
�� = 10. Our simulation is compared with simulation by Uijttewaal and Nijhof [43]
(represented as U and N).

increased alignment with the extension axis promotes deforma-
tion.

In Fig. 1 our simulation compares well for Ca = 1.5 and �� = 25
with those present in the literature for a viscous system. In Fig. 6
we plot the temporal evolution of deformation parameter for Ca = 1
and �� = 10 with varying De. A comparison with the boundary ele-
ment method (BEM) computation of the N/N case by Uijttewaal and
Nijhof [43] is also presented. There is a slight difference between
Stokes flow BEM result of Uijttewaal and Nijhof [43] and that of
ours due to finite inertia (Re = 0.1); inertia increases drop deforma-
tion [13,39]. Furthermore, Uijttewaal and Nijhof [43] found their
computation to slightly underestimate the deformation when com-
pared with experimental results of de Bruijn [21] and Torza et al.
[32] (see also Fig. 4). The deformation parameter oscillates with
time and tends to settle down to a steady value in the long-time
limit. The deformation for smaller Deborah numbers (De = 0.1, 0.5)
are very close to the N/N case. For De > 0.5 deformation increases
with De. We conclude that the effect of viscoelasticity in reducing
drop deformation decreases at this higher viscosity ratio of �� = 10.

The subtle interplay between different competing effects
explains the difficulties in obtaining a clear understanding of
the viscoelastic drop dynamics. To further investigate the non-
monotonicity in the drop deformation of systems with �� > 1, we
plot the evolution of L, B, W axes for viscosity ratio of 5 and differ-
ent De values (Fig. 7a). We see that for De = 3, unlike the lower De
cases, the overshoot in L and the undershoot in B axes are much
greater than those for the Newtonian case, and L (B) settles above
(below) its Newtonian counterpart. The change in W axis remains
much smaller than the other two axes and, like the Newtonian case,
displays a slight decrease. In Fig. 7b steady values of L, B and W axes
normalized by their values for the Newtonian case clearly show
that for the higher viscosity ratio (�� = 5), L becomes higher and
B becomes lower than their Newtonian values at higher Deborah
numbers. Finally Fig. 8 shows an increasing non-monotonicity of
Dsteady with De at higher viscosity ratios. Note that the plot for
�� < 1 is monotonically decreasing. We note that the experiments
by Verhulst et al. [8] showed no significant difference with De
for �� = 1.5. However, as already mentioned one should be care-
ful while comparing simulation with model constitutive relations
such as Oldroyd B to an experimental data. We believe that our
simulation shows the correct numerical trend particular to the con-

Fig. 7. (a) Drop axes vs. non-dimensional time t′ for Ca = 0.3 �� = 5 for varying De. (b)
Steady state values of L, B and W normalized by their respective Newtonian values
for Ca = 0.3 at two different viscosity ratios.

Fig. 8. Steady state deformation normalized by the Newtonian value for different
viscosity ratios as a function of De at Ca = 0.3. Inset shows the De where minimum
deformation occurs as a function of viscosity ratio.
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Fig. 9. Forces along the circumference of the drop in the central z = Lz/2 plane plotted as a function of the angular position (� = 0 coincides with x-axis) for different De at
Ca = 0.3. Because of the symmetry, only half of the drop is shown. (a) Viscoelastic normal force Fp

n = n · (∇ · TP ), where n is the outward normal to the circumference for �� = 5.
(b) Viscoelastic normal force for �� = 1. (c) Viscous normal force Fv

n = n · (∇ · T v) for �� = 5. (d) Viscous normal force for �� = 1. (e) Pressure normal force Fpr
n = n · ∇P for �� = 5.

(f) Pressure normal force for �� = 1. In (a) and (b) the drop tip positions are indicated.
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stitutive equation used. The De where the minimum deformation
occurs decreases with increasing �� (also shown in the inset), and
concurrently the value of the minimum deformation relative to the
Newtonian value increases.

We next investigate the force Fp
n = n · (∇ · TP) due to the elas-

tic stress at the front. (�·TP) is the force that a fluid element feels
due to elastic stress per unit volume and appears in the momen-
tum equations (1) and (2). Elastic normal force FP

n is plotted along
the edge of the drop as a function of angular position � in a mid-
plane z = Lz/2. � = 0 corresponds to the x-axis in Fig. 9a for �� = 5
and Fig. 9b for �� = 1. In the Newtonian limit (De → 0), the extra
stress becomes �pD. We see that the elastic force is compressive
at the tip trying to reduce L, and tensional at the equator trying to
increase B for both viscosity ratios. However, at �� = 1 the compres-
sive stress at the tip undergoes a large increase with increasing De
unlike the �� = 5 case. At �� = 5, the elastic normal force variation is
much less. It indicates that the effect of viscoelastic normal stresses
pulling inward at the tip, which is the main reason for the reduction
of L-axis with increasing De, diminishes drastically at higher viscos-
ity ratios. On the other hand, the tensional force near the equator
affecting B decreases with De, a trend that would tend to increase
deformation with increasing De in competition with the forces at
the tip. At the higher viscosity ratio, the decrease in the elastic force
at the equator is stronger. Therefore, the decrease in force at the
tip which reduces deformation with increasing De and the concur-
rent increase in force at the equator which increases deformation
compete with each other resulting in the non-monotonic trend.

Also note the angular position of the drop-tip shown in the same
plots. It is away from the position of the maximum normal elas-
tic force. The locations of maximum force for lower De are at a
higher angle compared to the tip. But with increasing De, the drop
tip rises at a higher angular position compared to the location of
force maximum, effectively indicating a torque in conformity with
the increased angle of inclination observed at higher De. In Fig. 9c
and d, we plot the corresponding viscous normal force FV

n over the
drop interface. We note that the viscous stretching which leads to
drop deformation is considerably enhanced with increasing De in
case of �� = 5, while for �� = 1 it shows slight decrease. We note
that the considerable increase in inclination angle (inset of Fig. 5)
with De at higher viscosity ratio, leading to stronger alignment of
the drop tip with the extensional axis leads to such stronger viscous
stretching. Finally, in Fig. 9e and f, the pressure force Fpr

n = n · ∇p
(trying to increase L at the tip) are plotted. For the viscosity matched
case, it monotonically decreases at the tip with increasing De. How-
ever, for �� = 5, it is non-monotonic in that it first decreases from
De = 0.0001 to De = 1.0 and then increases for De = 3. This is in accor-
dance with the non-monotonic response of deformation with De at
higher viscosity ratios.

We now consider the behavior of polymer dumbbell and its con-
figuration. In Fig. 10a and b, we plot the stretch and orientation
of polymer dumbbells inside the viscoelastic drop, by plotting the
primary eigenvalue of the conformation tensor A = (�/�)Tp + I for
Ca = 0.3 and �� = 1, De = 2 (Fig. 10a) and �� = 3, De = 2 (Fig. 10b). Sim-
ilar to the two-dimensional study by Yue et al. [15], for �� = 1 the
polymer molecules inside the drop in the area away from the drop
interface are inclined to much higher angle. For the higher viscosity
ratio case, inclination of the dumbbells is more uniform. The length
of the stretched polymer molecules is proportional to trace (A).
In Fig. 10c the maximum length/stretch of the polymer molecules
are plotted for two viscosity ratios �� = 1 and �� = 5, with varying
Deborah number. Note that for the Newtonian case (De = 0), trace
(A) = trace (I) = 3. For the higher viscosity ratio case, the increase in
stretch with increasing De is considerably less in accord with weak-
ening viscoelastic effects at higher viscosity ratios. The strain rate
inside a highly viscous drop is considerably lower than the viscosity
matched case, and therefore the polymers stretch less.

Fig. 10. Dominant polymer orientation at Ca = 0.3, De = 1.0 in the z = Lz/2 plane for.
(a) �� = 1 and (b) �� = 5. (c) Maximum length/stretch of the polymer (trace (A)) for
Ca = 0.3 as a function of Deborah number for �� = 1 and �� = 5.

The results presented above pertain to a drop with equal
amounts of solvent and polymeric viscosity (i.e. ˇ = 0.5). Regarding
the effects of ˇ variation, Toose et al. [10] concluded in their two
dimensional study that ˇ does not affect the steady state defor-
mation parameter. However, they used a linear viscoelastic model
and restricted the investigation to the case of Ca � 1. For a viscos-
ity matched system, at Ca = 0.3, increasing ˇ decreases deformation
[16], because the inhibiting viscoelastic normal stress inside the
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Fig. 11. (a) Transient drop deformation D vs. t′ plotted for varying ˇ(=�pd/�d) at
Ca = 0.3, De = 1.0 and �� = 5. The inset shows the variation of Dsteady with ˇ. (b) Steady
state inclination angle of the drop relative to the flow direction as a function of ˇ for
two different De and �� at Ca = 0.3.

drop increases with increasing ˇ. In Fig. 11a, we see that even for
�� = 5, at De = 1.0, increasing ˇ decreases deformation. In the inset
we see that the long-time deformation parameter decreases lin-
early with ˇ. In Fig. 11b, the inclination angle shows a linear increase
with ˇ for �� = 5 and De = 1.0 similar to the viscosity matched sys-
tem.

6. Conclusions

We numerically investigate the effects of viscosity ratio on an
Oldroyd B drop deforming in a Newtonian fluid under steady shear.
It follows our previous studies of viscosity matched systems, where
we noticed that the viscoelastic normal stresses reduce drop defor-
mation and increase critical capillary number for breakup; the
long-time steady deformation parameter decreases with increas-
ing De. We extensively compared our simulations with previous
analytical, numerical and experimental observations both for high
and low viscosity ratios. The results show good agreement. For
the study of the viscosity ratio effects, in the interest of brevity,
we restricted to the case of a capillary number of 0.3, where
the drop experiences considerable deformation and yet remains
bounded for the viscosity matched case. We find that for lower than

unity viscosity ratio, the drop response is similar to the viscosity
matched case. At higher viscosity ratios, the deformation displays a
non-monotonic behavior with De—as we increase De from the New-
tonian case, the deformation first decreases, but above a critical
De, which depends on the viscosity ratio, it increases. We pro-
vide a detail study of the behaviors of the L, B and W axes, and
the inclination angle. We notice that for viscoelastic drops, the
drop alignment with the extensional axis of the imposed shear
is considerably more in case of higher viscosity ratios, leading
to a stronger viscous stretching at the tip. Viscous, viscoelastic
and pressure forces are plotted on the interface to explain the
competition between them that result in the observed response.
The polymer stretch represented by the trace of the conforma-
tion tensor also shows that in case of a more viscous drop, the
stretch is lower leading to a weakening of deformation inhibiting
viscoelastic forces inside the drop. With ˇ, the ratio of polymer
viscosity to the drop viscosity, the drop response shows a linear
decrease.
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